




(9). While it is true that from a mathematical point of view the integral equa-
tion (9) can be studied for all positive values of y, the dynamics of repro-
ductive behaviour cannot be meaningfully interpreted unless 0 <= 7 <= 1. This
is so because the model is based on the assumption that fertility has to vary
inversely with the size of the birth cohort B(t — s) and from that point of view
(10) can be understood in the following sense. At any given point of time a
fixed proportion of the birth cohort, say Y respond to the social changes by
adjusting their fertility in the prescribed manner while the remainder, namely,
1 — Y remain unaffected by it and maintain stationarity. Such an interpretation
of (10) is not possible if Y > 1.

Observe that this particular approach is suitable only for a stationary mode],
and in order to demonstrate its fit with the U. S. examples, Frauenthal and
Swick replaced the time series of U. S. birth statistics B(t — s) which is not
stationary by a stationary series B*(t — s) using suitable inflation and deflation
factors that were determined by the average rate of growth.

They then proceeded to determine an empirical relationship between
M{B(t - s)} or R0{B(t — s)} and the adjusted B*(t — s) and came up with a
suggestion of a regression model of R0{B(t — s)} on (B*(t — s)}8 based on the
technique of exploratory regression. However, the major drawback of this
technique is that the form of the model is dependent too much on the number
of data points, such that the addition or subtraction of a number of observations
will, in all likelihood, alter the form greatly unless, of course, the fit is perfect.
Moreover, such a model in which the cohort net reproduction rate has to be
regressed on the eighth power of the adjusted size of the cohort is difficult to
justify on theoretical grounds and especially so, when (9) is fully determined
by (10). It is possible that the authors were not aware of the true nature of the
relationship and therefore, in their search for an empirical formula, they settled
on the aforementioned regression equation that was based on a large value of
the correlation coefficient.

In the following, we shall note the modification required in (10) that will
make it applicable to stable models in general and will satisfy the conditions
for the stationary example as a paiticular case. We shall then have a general
model that can account for the birth trajectory of any population in which the
birth rates fluctuate according to Easterlin's hypothesis. In order to develop
such a^model, we shall, as before, propose that a proportion 1 — λ of the birth
cohort B(t — s) will be subjected to the constant net maternity rates while the
remainder wil l adjust their rates relative to their expected sizes. If the underly-
ing intrinsic rate of growth is p, the expected size of this birth cohort may be
regarded as Boep(t-s) where B0 is to be estimated, in which case a generalized
version of (10) may be written as
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otherwise because they were not concerned with values of λ outside the interval
(0, 1) which is somewhat unfortunate.

Concluding Remarks

Even though the model does not fit the U. S. data as well as one would like,
the fact that the stability of the birth trajectory may also result from certain
types of fluctuating net maternity rates is by itself a significant discovery. The
model presented in the paper is particularly interesting since the proposed
pattern of the fluctuation in the net maternity rates can be given a meaningful
interpretation.

The readers may note that the parameter λ which provides a measures of the
proportion of a given birth cohort that adjusts its reproductive behavior in rel-
ation to its size does not affect the limiting nature of the birth trajectory. The
stable rate of growth p remains unaffected by the value of λ as may be seen
from (22). However, the value of λ seems to determine the speed of conver-
gence of the birth trajectory to its stable form. This is apparent from (14)
which for λ = 0 reduces to the well known integral equation of the stable
population based on the condition that the net maternity rates remain invariant
over time. At the other extreme, when λ = 1, the trajectory of births becomes
stable from the very moment the model becomes operative. For a given series
of B(t-s) values, the rapidity of the convergence to its stable pattern will
therefore be greater for larger values of λ and will be less otherwise. The pre-
sent model can, therefore, be regarded as more general in the sense that it
includes the traditional Lotka model as a particular case.

We would like to make another interesting observation concerning the para-
meter B0 in this context. That is, B0 need not be determined by the trend of
the known values of some B(t — s) or by any other method since the model
can freely accommodate any value of B0. As long as the underlying net mater-
nity function is given or estimated or assumed, so that we can calculate p, the
function M{B(t — s)}, which determines the fertility of the cohort B(t — s),
can be obtained from (11) for any value of B0 and for any value of λ. Alter-
natively, given RQ (e) and p and assuming that the model is already in oper-
ation, one can estimate Bo, and λ from (25) by coverting it to a linear regres-
sion of Rt{B(t — s)}IR0(c) on e f ( t - s } B ( t — s) for which the intercept and the
slope will be given by 1 — y and Y B0 respectively.

Thus, there are two findings which are interesting and in a sense, somewhat
surprising. First, the magnitude of the proportion y of the birth cohort that
adjusts its reproductive behavior does not in any way affect the ultimate rate
of growth. Second, regardless of the value of λ, the segment of the cohort that
adjusts its fertility completely determines the level of the birth trajectory by
choosing the value of B0 at its pleasure. That is to say, if a constant propor-
tion of all birth cohorts adjust their fertility rates in a prescribed manner, the
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size of the population at any moderately distant point in time can be held at
a predetermined value. It seems that such a finding has considerable implica-
tions in the areas of population policy and population planning.
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